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Fishnet Theory in 4D  
For review, see [Kazakov ’18]

❖  Chiral, non-unitary theory in 4D 

 

[Gürdoğan, Kazakov ’15]

❖ Conformal symmetry 

• even with quantum corrections 

❖ Planar integrability 

•  Conformal spin chain 

•  Partial resummation of Feynman diagrams 

❖ New kind of 4d integrable CFT 

❖ Feynman diagrams are much simpler!

[Sieg-Wilhelm ’16] 
[Grabner, Gromov, Kazakov, Korchemsky ’17]

[Fokken,Sieg,Wilhelm ’14]

[Chicherin, Derkachov, Isaev ’12]



Generalisation to Any Dimension
❖  Two ways of generalising:

(1)  Using other integrable theories:
theory

ABJM in 3D
[Caetano, Gürdoğan, Kazakov ’16]

-type interaction

6D analog still missing! -type interaction

Higher dimensional (D>2)



Generalisation to Any Dimension
❖  Two ways of generalising:

(2)  Integrable                    conformal spin chain:
[Chicherin, Derkachov, Isaev ’12]

‣ Lagrangian description [Kazakov, Olivucci ’18]

‣ Conformal & Integrable

‣ No “parent” theory! No crossing!  

‣ Need to find a way to develop the integrability machinery



Scattering Data of TBA

❖  Observables:  scaling dimension of

❖  TBA requires scattering data:  dispersion & S-matrix

❖ Typical Feynman diagrams:  2pt function, “wheel” & “spiral”

❖  Integrability determines spectrum: Theormodynamic Bethe Ansatz 

“Vacuum” “Excited states”



Wheel Diagrams in Perturbation Theory

❖ Renormalisation: summing wheel diagrams

wave-function 
renormalisation

Protected until the wrapping order
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logZ ⇠ �� ⇥ log⇤UV ⇠ �� ⇥R
<latexit sha1_base64="remWblE9rnsjWK2zmx/QIcb31FQ=">AAACLnicbVBNS8NAEN34WetX1aOXxSJ4sSQi6LEoggcPVUxbbEKYbLft0t0k7G6EEvqLvPhX9CCoiFd/hts2B207sPB4783MzgsTzpS27XdrYXFpeWW1sFZc39jc2i7t7NZVnEpCXRLzWDZDUJSziLqaaU6biaQgQk4bYf9ypDceqVQsju71IKG+gG7EOoyANlRQuvJ43MUP2FNM4GPsdUEIwJ5mgio81rwbM60NQebWh/Nt+C4ole2KPS48C5wclFFetaD06rVjkgoaacJBqZZjJ9rPQGpGOB0WvVTRBEgfurRlYARmj5+Nzx3iQ8O0cSeW5kUaj9m/HRkIpQYiNE4BuqemtRE5T2ulunPuZyxKUk0jMlnUSTnWMR5lh9tMUqL5wAAgkpm/YtIDCUSbhIsmBGf65FlQP6k4dsW5PS1XL/I4CmgfHaAj5KAzVEXXqIZcRNATekEf6NN6tt6sL+t7Yl2w8p499K+sn19Wy6bi</latexit><latexit sha1_base64="remWblE9rnsjWK2zmx/QIcb31FQ=">AAACLnicbVBNS8NAEN34WetX1aOXxSJ4sSQi6LEoggcPVUxbbEKYbLft0t0k7G6EEvqLvPhX9CCoiFd/hts2B207sPB4783MzgsTzpS27XdrYXFpeWW1sFZc39jc2i7t7NZVnEpCXRLzWDZDUJSziLqaaU6biaQgQk4bYf9ypDceqVQsju71IKG+gG7EOoyANlRQuvJ43MUP2FNM4GPsdUEIwJ5mgio81rwbM60NQebWh/Nt+C4ole2KPS48C5wclFFetaD06rVjkgoaacJBqZZjJ9rPQGpGOB0WvVTRBEgfurRlYARmj5+Nzx3iQ8O0cSeW5kUaj9m/HRkIpQYiNE4BuqemtRE5T2ulunPuZyxKUk0jMlnUSTnWMR5lh9tMUqL5wAAgkpm/YtIDCUSbhIsmBGf65FlQP6k4dsW5PS1XL/I4CmgfHaAj5KAzVEXXqIZcRNATekEf6NN6tt6sL+t7Yl2w8p499K+sn19Wy6bi</latexit><latexit sha1_base64="remWblE9rnsjWK2zmx/QIcb31FQ=">AAACLnicbVBNS8NAEN34WetX1aOXxSJ4sSQi6LEoggcPVUxbbEKYbLft0t0k7G6EEvqLvPhX9CCoiFd/hts2B207sPB4783MzgsTzpS27XdrYXFpeWW1sFZc39jc2i7t7NZVnEpCXRLzWDZDUJSziLqaaU6biaQgQk4bYf9ypDceqVQsju71IKG+gG7EOoyANlRQuvJ43MUP2FNM4GPsdUEIwJ5mgio81rwbM60NQebWh/Nt+C4ole2KPS48C5wclFFetaD06rVjkgoaacJBqZZjJ9rPQGpGOB0WvVTRBEgfurRlYARmj5+Nzx3iQ8O0cSeW5kUaj9m/HRkIpQYiNE4BuqemtRE5T2ulunPuZyxKUk0jMlnUSTnWMR5lh9tMUqL5wAAgkpm/YtIDCUSbhIsmBGf65FlQP6k4dsW5PS1XL/I4CmgfHaAj5KAzVEXXqIZcRNATekEf6NN6tt6sL+t7Yl2w8p499K+sn19Wy6bi</latexit><latexit sha1_base64="remWblE9rnsjWK2zmx/QIcb31FQ=">AAACLnicbVBNS8NAEN34WetX1aOXxSJ4sSQi6LEoggcPVUxbbEKYbLft0t0k7G6EEvqLvPhX9CCoiFd/hts2B207sPB4783MzgsTzpS27XdrYXFpeWW1sFZc39jc2i7t7NZVnEpCXRLzWDZDUJSziLqaaU6biaQgQk4bYf9ypDceqVQsju71IKG+gG7EOoyANlRQuvJ43MUP2FNM4GPsdUEIwJ5mgio81rwbM60NQebWh/Nt+C4ole2KPS48C5wclFFetaD06rVjkgoaacJBqZZjJ9rPQGpGOB0WvVTRBEgfurRlYARmj5+Nzx3iQ8O0cSeW5kUaj9m/HRkIpQYiNE4BuqemtRE5T2ulunPuZyxKUk0jMlnUSTnWMR5lh9tMUqL5wAAgkpm/YtIDCUSbhIsmBGf65FlQP6k4dsW5PS1XL/I4CmgfHaAj5KAzVEXXqIZcRNATekEf6NN6tt6sL+t7Yl2w8p499K+sn19Wy6bi</latexit>

O(⇠2J)

<latexit sha1_base64="KwyGGnXUtlfmI9Jbv2DjgLJcQFw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSKnosehEvVrAfkMay2W7apZts2N2IJfRnePGgiFd/jTf/jds2B219MPB4b4aZeX7MmdK2/W3lVlbX1jfym4Wt7Z3dveL+QUuJRBLaJIIL2fGxopxFtKmZ5rQTS4pDn9O2P7qa+u1HKhUT0b0ex9QL8SBiASNYG8m9LXef2ENavZmc9oolu2LPgJaJk5ESZGj0il/dviBJSCNNOFbKdexYeymWmhFOJ4VuomiMyQgPqGtohEOqvHR28gSdGKWPAiFNRRrN1N8TKQ6VGoe+6QyxHqpFbyr+57mJDi68lEVxomlE5ouChCMt0PR/1GeSEs3HhmAimbkVkSGWmGiTUsGE4Cy+vExa1YpTq5zd1Ur1yyyOPBzBMZTBgXOowzU0oAkEBDzDK7xZ2nqx3q2PeWvOymYO4Q+szx9MXZCf</latexit>

O(⇠4J)

<latexit sha1_base64="Z3MxqkmJMz57plFsD+nkD5hDMNk=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpexKRY9FL+LFCvYDtmvJpmkbmk2WZFYsS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZF8aCG3Ddb2dpeWV1bT23kd/c2t7ZLeztN4xKNGV1qoTSrZAYJrhkdeAgWCvWjEShYM1weDXxm49MG67kPYxiFkSkL3mPUwJW8m9L7Sf+kFZuxiedQtEtu1PgReJlpIgy1DqFr3ZX0SRiEqggxvieG0OQEg2cCjbOtxPDYkKHpM98SyWJmAnS6cljfGyVLu4pbUsCnqq/J1ISGTOKQtsZERiYeW8i/uf5CfQugpTLOAEm6WxRLxEYFJ78j7tcMwpiZAmhmttbMR0QTSjYlPI2BG/+5UXSOC17lfLZXaVYvcziyKFDdIRKyEPnqIquUQ3VEUUKPaNX9OaA8+K8Ox+z1iUnmzlAf+B8/gBPa5Ch</latexit>

❖  Let’s study the vacuum state first!

❖  Probe: scaling dimension of



The Graph Building Operator
❖  Feynman diagrams as repeated action of some integral operators

❖ Repeated action by integrating: for example, 

x1

x2

x0

y2

y1

x0

=

<latexit sha1_base64="NULZghUWQqgwnPkqe2W3Rk9z3bU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUL+uVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP49ljMk=</latexit>

x1

x2 y2

y1

x0

�

�

�̃

�̃

6

<latexit sha1_base64="HwFEhoOehkuzHYHTiVU7qijJGOs=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0hibOut6MVjC7YV2lA220m7dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngkKbxjwWtz6RwFkEbcUUh9tEAAl9Dl1/cpX73XsQksXRjZom4IVkFLGAUaK01KoOyhXLvKhXHbeKLdOyarZj58SpuWcutrWSo4KWaA7K7/1hTNMQIkU5kbJnW4nyMiIUoxxmpX4qISF0QkbQ0zQiIUgvmx86wydaGeIgFroihefq94mMhFJOQ193hkSN5W8vF//yeqkK6l7GoiRVENHFoiDlWMU4/xoPmQCq+FQTQgXTt2I6JoJQpbMp6RC+PsX/k45j2q553nIrjctlHEV0hI7RKbJRDTXQNWqiNqII0AN6Qs/GnfFovBivi9aCsZw5RD9gvH0C5NiNBA==</latexit>

=

<latexit sha1_base64="NULZghUWQqgwnPkqe2W3Rk9z3bU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUL+uVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP49ljMk=</latexit>

6

<latexit sha1_base64="HwFEhoOehkuzHYHTiVU7qijJGOs=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0hibOut6MVjC7YV2lA220m7dvPB7kYoob/AiwdFvPqTvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngkKbxjwWtz6RwFkEbcUUh9tEAAl9Dl1/cpX73XsQksXRjZom4IVkFLGAUaK01KoOyhXLvKhXHbeKLdOyarZj58SpuWcutrWSo4KWaA7K7/1hTNMQIkU5kbJnW4nyMiIUoxxmpX4qISF0QkbQ0zQiIUgvmx86wydaGeIgFroihefq94mMhFJOQ193hkSN5W8vF//yeqkK6l7GoiRVENHFoiDlWMU4/xoPmQCq+FQTQgXTt2I6JoJQpbMp6RC+PsX/k45j2q553nIrjctlHEV0hI7RKbJRDTXQNWqiNqII0AN6Qs/GnfFovBivi9aCsZw5RD9gvH0C5NiNBA==</latexit>

2D Case, see [Derkachov, Kazakov, Olivucci ’19]



Magnon Picture in the Mirror Channel

Time

❖  Magnon: integrability description 

•   Magnon:        propagators   

•   Effective 1D problem: 

•  “Space”: radial direction 

•  “Time”: angular direction 

•   Time evolution: repeated action of 

�1

<latexit sha1_base64="TW1xtI4SPr7nMFdk+nvUmsrds+A=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKRY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeN/vlyte1ZsDrxI/JxXI0eiXv3oDRdOYSUsFMabre4kNMqItp4JNS73UsITQMRmyrqOSxMwE2fzaKT5zygBHSruSFs/V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJa2Lql+rXt7XKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzBz3ejus=</latexit>

RD ⇠= R+ ⇥ SD�1

<latexit sha1_base64="wl6mX74h/DpgQXp0pBANQ7pQU1s=">AAACFXicbVDLSgMxFM3UV62vUZdugkUQ1DIjFV0W7cJlffQBnemQSdM2NJMMSUYoQ3/Cjb/ixoUibgV3/o3pA9TqgQuHc+7l3nvCmFGlHefTyszNLywuZZdzK6tr6xv25lZNiURiUsWCCdkIkSKMclLVVDPSiCVBUchIPexfjPz6HZGKCn6rBzHxI9TltEMx0kYK7EMvQroXhun1sFX2sOBd+K0EB56mEVHwppWWj9xhYOedgjMG/EvcKcmDKSqB/eG1BU4iwjVmSKmm68TaT5HUFDMyzHmJIjHCfdQlTUM5Msv8dPzVEO4ZpQ07QpriGo7VnxMpipQaRKHpHF2sZr2R+J/XTHTnzE8pjxNNOJ4s6iQMagFHEcE2lQRrNjAEYUnNrRD3kERYmyBzJgR39uW/pHZccIuFk6tivnQ+jSMLdsAu2AcuOAUlcAkqoAowuAeP4Bm8WA/Wk/VqvU1aM9Z0Zhv8gvX+BSbMnss=</latexit>

�N

<latexit sha1_base64="PhS4nM7ZUfB3PvocxgtltW38wNs=">AAAB73icbVDLSgNBEOyNrxhfUY9eFoPgKexKRI9BD3qSCOYByRJ6J5NkyMzsOjMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcacaeN5305uZXVtfSO/Wdja3tndK+4fNHSUKELrJOKRaoWoKWeS1g0znLZiRVGEnDbD0fXUbz5RpVkkH8w4poHAgWR9RtBYqdW5QSGwe9ctlryyN4O7TPyMlCBDrVv86vQikggqDeGoddv3YhOkqAwjnE4KnUTTGMkIB7RtqURBdZDO7p24J1bpuf1I2ZLGnam/J1IUWo9FaDsFmqFe9Kbif147Mf3LIGUyTgyVZL6on3DXRO70ebfHFCWGjy1Bopi91SVDVEiMjahgQ/AXX14mjbOyXymf31dK1assjjwcwTGcgg8XUIVbqEEdCHB4hld4cx6dF+fd+Zi35pxs5hD+wPn8Aa2Bj74=</latexit>

r = e�

<latexit sha1_base64="qv6rP21ZFYAnt+M8+xsbJfbHx98=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch6MVjBPOAZBNmJ51kyOzsMjOrhCX/4cWDIl79F2/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4f1HWUKIY1FolINQOqUXCJNcONwGaskIaBwEYwup36jUdUmkfywYxj9EM6kLzPGTVW6ihyTbCTtjUfhHTSLZbcsjsDWSZeRkqQodotfrV7EUtClIYJqnXLc2Pjp1QZzgROCu1EY0zZiA6wZamkIWo/nV09ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/zWonpX/kpl3FiULL5on4iiInINALS4wqZEWNLKFPc3krYkCrKjA2qYEPwFl9eJvWzsndevrg/L1VusjjycATHcAoeXEIF7qAKNWCg4Ble4c15cl6cd+dj3ppzsplD+APn8wfoApIl</latexit>

❖  Dictionary from field theory to integrability



Scattering Data from Graph Building Operators

❖  Magnon scattering data is related to eigensystem of  

•   Energy: the weight conjugate to time = Eigenvalue of  

•   N-body wave function: eigenfunction of  

•   S-matrix: “relative phase” of two magnon scattering when 

       Assuming Integrability, those data fully determine the spectrum! 

 

�N=1

<latexit sha1_base64="yGcKnIl+o0ud4jo4UOa+KoOwcXE=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVil6Eogc9SQX7Ae1asmm2DU2yS5JVytL/4cWDIl79L978N6btHrT1wcDjvRlm5gUxZ9q47reTW1peWV3Lrxc2Nre2d4q7ew0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HVxG8+UqVZJO/NKKa+wH3JQkawsdJD5xoLgbvpLbpA3rhbLLlldwq0SLyMlCBDrVv86vQikggqDeFY67bnxsZPsTKMcDoudBJNY0yGuE/blkosqPbT6dVjdGSVHgojZUsaNFV/T6RYaD0Sge0U2Az0vDcR//PaiQnP/ZTJODFUktmiMOHIRGgSAeoxRYnhI0swUczeisgAK0yMDapgQ/DmX14kjZOyVymf3lVK1cssjjwcwCEcgwdnUIUbqEEdCCh4hld4c56cF+fd+Zi15pxsZh/+wPn8ASDjkaA=</latexit>

x2
12 ! 1

<latexit sha1_base64="p01g6nT7u6fJRkAC52ELSjkYLTE=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJ4Kkmp6LHoxWMF+wFNDJvtpl262YTdiRpif4oXD4p49Zd489+4bXPQ1gcDj/dmmJkXJJwpsO1vY2V1bX1js7RV3t7Z3ds3KwcdFaeS0DaJeSx7AVaUM0HbwIDTXiIpjgJOu8H4aup376lULBa3kCXUi/BQsJARDFryzcqjnzv1yV3dhdhlIoTMN6t2zZ7BWiZOQaqoQMs3v9xBTNKICiAcK9V37AS8HEtghNNJ2U0VTTAZ4yHtaypwRJWXz06fWCdaGVhhLHUJsGbq74kcR0plUaA7IwwjtehNxf+8fgrhhZczkaRABZkvClNuQWxNc7AGTFICPNMEE8n0rRYZYYkJ6LTKOgRn8eVl0qnXnEbt7KZRbV4WcZTQETpGp8hB56iJrlELtRFBD+gZvaI348l4Md6Nj3nrilHMHKI/MD5/ABGAk+Q=</latexit>

�N

<latexit sha1_base64="PhS4nM7ZUfB3PvocxgtltW38wNs=">AAAB73icbVDLSgNBEOyNrxhfUY9eFoPgKexKRI9BD3qSCOYByRJ6J5NkyMzsOjMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcacaeN5305uZXVtfSO/Wdja3tndK+4fNHSUKELrJOKRaoWoKWeS1g0znLZiRVGEnDbD0fXUbz5RpVkkH8w4poHAgWR9RtBYqdW5QSGwe9ctlryyN4O7TPyMlCBDrVv86vQikggqDeGoddv3YhOkqAwjnE4KnUTTGMkIB7RtqURBdZDO7p24J1bpuf1I2ZLGnam/J1IUWo9FaDsFmqFe9Kbif147Mf3LIGUyTgyVZL6on3DXRO70ebfHFCWGjy1Bopi91SVDVEiMjahgQ/AXX14mjbOyXymf31dK1assjjwcwTGcgg8XUIVbqEEdCHB4hld4cx6dF+fd+Zi35pxs5hD+wPn8Aa2Bj74=</latexit>

�N

<latexit sha1_base64="PhS4nM7ZUfB3PvocxgtltW38wNs=">AAAB73icbVDLSgNBEOyNrxhfUY9eFoPgKexKRI9BD3qSCOYByRJ6J5NkyMzsOjMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcacaeN5305uZXVtfSO/Wdja3tndK+4fNHSUKELrJOKRaoWoKWeS1g0znLZiRVGEnDbD0fXUbz5RpVkkH8w4poHAgWR9RtBYqdW5QSGwe9ctlryyN4O7TPyMlCBDrVv86vQikggqDeGoddv3YhOkqAwjnE4KnUTTGMkIB7RtqURBdZDO7p24J1bpuf1I2ZLGnam/J1IUWo9FaDsFmqFe9Kbif147Mf3LIGUyTgyVZL6on3DXRO70ebfHFCWGjy1Bopi91SVDVEiMjahgQ/AXX14mjbOyXymf31dK1assjjwcwTGcgg8XUIVbqEEdCHB4hld4cx6dF+fd+Zi35pxs5hD+wPn8Aa2Bj74=</latexit>

O(D) d.o.f



❖    The eigensystem for            is simple to obtain 

•   Eigenvector: 

•  Eigenvalue: 

Magnon Dispersion Relation

�N=1

<latexit sha1_base64="yGcKnIl+o0ud4jo4UOa+KoOwcXE=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVil6Eogc9SQX7Ae1asmm2DU2yS5JVytL/4cWDIl79L978N6btHrT1wcDjvRlm5gUxZ9q47reTW1peWV3Lrxc2Nre2d4q7ew0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HVxG8+UqVZJO/NKKa+wH3JQkawsdJD5xoLgbvpLbpA3rhbLLlldwq0SLyMlCBDrVv86vQikggqDeFY67bnxsZPsTKMcDoudBJNY0yGuE/blkosqPbT6dVjdGSVHgojZUsaNFV/T6RYaD0Sge0U2Az0vDcR//PaiQnP/ZTJODFUktmiMOHIRGgSAeoxRYnhI0swUczeisgAK0yMDapgQ/DmX14kjZOyVymf3lVK1cssjjwcwCEcgwdnUIUbqEEdCCh4hld4c56cF+fd+Zi15pxsZh/+wPn8ASDjkaA=</latexit>

Symmetric Traceless Tensor

❖ We can read out magnon dispersion !

Weight of time evolutionVariable conjugate to radial distance



Magnon S-Matrix
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Symmetric traceless tenor, separately, in the first l1 indices and in the last l2 ones

❖    Expectation: (S-matrix depends on rapidity and integer spin) 

(1) Matrix part is fully determined by Yang-Baxter: O(D) symmetry 

(2) Eigenvalue factorise: total energy is the sum of individual energies 

❖    Eigenvector for N = 2 case: 



❖  When two magnons are far apart,

Magnon S-Matrix: Results

x2
12 ! 1
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R-matrix satisfies Yang-Baxter relation

❖ We can partly verify this conjecture. Including reproducing 

Identity Permutation Trace

[Zamolodchikov^2 ’79]



TBA System

❖   TBA equations are fully determined by the scattering data   

•   Scaling dimension = free energy of magnons  

•   Length = Inverse temperature 

•   Coupling constant = Chemical potential 

Y function: distribution of energy per magnon 

Rotational d.o.f: spherical harmonics



TBA for O(D+2) (D even)
❖   TBA equations: infinite system of non-linear equations determine Y 

•   Massive Y-functions: 

•   Kernel: 

Convolution 



TBA for O(D+2) (D even)
❖   TBA equations: infinite system of non-linear equations determine Y 

•   Auxiliary Y-functions: 

• Kernel: 

Incidence matrix



Universal Y-system for O(2r)
❖   TBA equations can be casted into functional form 

•  Universal part: 

•  First node: 

•  Asymptotics: 

[Balog, Hegedus ’05]

[Balog, Hegedus ’05]



Excited States
❖   What about               spirals? 

•   Contour deformation trick: 

•   Picking zeros of  

•   TBA equations are the same, just picking some additional driving term! 

•  How to verify? Go to asymptotic limit! 

 [Dorey, Tateo ’96] [Bazhanov, Lukyanov, Zamolodchikov ’96]



Asymptotic Bethe Ansatz Equation
❖   Asymptotic limit: large J, small coupling 

•   Exact ABA equation: 

•   Single trace operator imposes the cyclicity condition: 

•   Meaning of “asymptotic”: valid up to the wrapping order  

•   The result matches direct diagrammatic computation up to 3-loops! 

Scalar



ABA versus Feynman Diagrams
❖   Diagrams are hard: operator mixing 

•   Three operators 

•   Two point function: mixing matrix up to 
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❖   ABA is easy: purely algebraic 

•   Expanding all Bethe roots:  

•   Plugging back the solution, we immediately find the eigenvalue! 

4D case [Caetano, Gurdogan, Kazakov ’16]



Summary

❖  TBA equations for                                          in any D 

• Derive magnon dispersion & S-matrix directly from graphs  

• Eigensystem of the graph-building operator 

• Dual TBA: relates D-dim graph to                sigma model
4D, see [Basso, DLZ ’19]



Outlooks

❖  TBA for other types of operators 

• Spinning operator: 

• Conjugate scalar:

❖  Algebraic reformulation of TBA: Baxter equation, Quantum Spectrual Curve

❖  Computation of higher point functions: structure constants

❖  SOV approach to                    non-compact spin chains
 4D, see also [Derkachov, Olivucci ‘19]

❖  Holographic dual? 4D Case: “Fishchain” [Gromov, Sever ‘19]

[Fedor’s Talk]

 E.g. [Ferrando, Frassek, Kazakov ’20]

 E.g. [Basso, Dixson ’17] [Grabner, Gromov, Kazakov, Korchemsky ’17][Coronado ’18] [Gromov, Kazakov, Korchemsky ’18] 
[Derkarchkov, Kazakov, Olivucci ’18] [Kazakov, Olivucci, Preti ’18] [Korchemsky ’19]

[Ferrando]



Outlooks II
[Basso, Dixson, Kosower, Krajenbrink, DLZ Work in Progress]

❖  Beyond 2pt functions: Basso-Dixson 4pt function [Basso, Dixson ’17]
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Outlooks II
[Basso, Dixson, Kosower, Krajenbrink, DLZ Work in Progress]

❖  Beyond 2pt functions: Basso-Dixson 4pt function 

(1)  We prove the equivalence of those representations. 

(2)  We find the exact solution in the thermodynamic limit

20 40 60 80
k
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2.8

3.0

3.2

3.4
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3.8

Z(k)

Exact Det

Free energy per site

Free energy per site depends on k, 
always greater than Zamolodchikov’s result! 



Thank you!


