SEPARATION OF VARIABLES AT ANY RANK:
FROM SPIN CHAINS TO FISHNET CFT

Fedor Levkovich-Maslyuk

Ecole Normale Superieure Paris

20xx.xxxx [Gromov, FLM, Ryan, Volin]
2003.05811 [FLM, Preti]

1910.13442 [Gromoy, FLM, Ryan, Volin]
1907.03788 [Cavaglia, Gromov, FLM]

+ in progress [Cavaglia, Gromoyv, FLM, ...]

based on




Motivation: develop new methods to compute correlators in N=4 SYM

Should exist a basis where wavefunctions factorize
(I‘W) ~ Q(:Cl)Q(.SCQ) e Q(aj‘N) Separation of Variables (SoV)

[Gromov, Kazakoy,

’ [
We know exact Q's from Quantum Spectral Curve equations for spectrum | _ ' L

Goal: write correlators in terms of Q’s

First all-loop exarr.lple: o o g1 e®)
3 cusps + scalars in ladders limit, /123 = TN
ME(QL}(QE}

resum all wrapppings
[Cavaglia, Gromov, FLM 18]

extension: [McGovern 20]

Need to understand and develop SoV



For scalar products we need measure

In GL(2)-type models:

‘ \ \

L L
(Wp|Ws) = J dhx [ [ QW (@) | M(x) [ ]]QP) (a:)
i=1 1=1

e’

= measure B,
—— ~"
\ state A / \ state B )

Higher rank GL(N) models are complicated.
Only recently understood how to factorise
wave functions

e.g. for non-compact s=V2 spin chain

Hk(emj — ™) (2 — )
o 1_[(1 + eQTT(J?j—Qk))
7,k
[Sklyanin]
[Derkachov Korchemsky Manashov 02]

M (x)

[Sklyanin 92] [Smirnov 2000]
[Gromov FLM Sizov 16] [Maillet Niccoli 18] [Ryan Volin 18]
[Liashyk Slavnov 18] [Derkachov Valinevich 19]

Measure was not known at all, except in classical limit [Smirnov Zeitlin 02]

Focus of this talk — finding the measure



Plan

* Compact SU(N) spin chains  [Gromov, FLM, Ryan, Volin 19]

¢ Noncompac’r SL(N) spin chains [Cavaglia, Gromov, FLM 19 Gromov, FLM, Ryan, Volin to appear]

\ Chronologically

* Fishnet theory & speculations .
irst
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SU(N) spin chains

Full Hilbert space for [, sites is (CN &) CN X - X CN

.

¥

L
H=> (1-—P,n+1) L times
n=1

(+ boundary terms, i.e. twist)

Monodromy matrix:

T(u):Ral(u—ﬂl)...RaL(u—HL)g a

Riz(u) = (u — §) +1iPi
We take generic inhomogeneities 6,, and diagonal twist g = diag(Aq, ..., AN)

L
Transfer matrix  1rq T(U) = Z Thu™ gives commuting integrals of motion
n=0




Wavefunctions for spin chains

N

(x|T) =] [ Q1(xx) Q1= e T

(v —u;)

k 71=1
(x| = eigenstates of operator B(u) = H(u — xp) [B(u), B(v)] =0
SU2:  T(u) = (égzg ggz))) = Opti/2. k=1....L

SU(N): B is a polynomial in elements of T [Smirnov 2000] [Gromov, FLM, Sizov 16]

Can find spectrum of x, also build states nicely T, peood _ -1

‘\I/> — B(ul)B(UZ) Ce B(’U,M)‘O> [Gromov, FLM, Sizov 16] B — Bgeed

Proved in [Ryan, Volin 18] , connected with another way to build x [Maillet Niccoli 18-20]
SU(3): [Lyashik, Slavnov 18]

Overlaps look complicated, can we compute them indirectly?



SU(2) spin chain

M L
|dea: orthogonality of states must imply same for Qs Gr=e kl;[l(“ ur) Qo nl:[l(“ 2
L—1
Baxter equation QQ_QTJF + QJQ;_ —71Q1 =0 1 =2cospub + Y Iu"
n=0

can be written as . R ,
fF=Ffluxif2), f“=flu+ia/2)

. . 1 I T1
01 =0 O=—D*+—D"— —
Qg Qg Qy Qy
Key property: self-adjointness L
) yA | <fég>j§duf[g+:+g flg]
(fOg) = (9O f) Qg Gy 6 Qo

/u ->u-—Ii

= ¢ d
() j{ u f(u) :j{du [f fH - f]g
Qg Qg - QFQ,




We can introduce L such brackets (f); = fdu wi f

L
(fOg9); = (9Of);  pj=e>"0"D% j=1,...L 7 =2cospu” + > Lu!
k=1
This gives orthogonality! /
. . A 1 1 T . L
B/AA B\NA\ T M2, -2 1 uniquely identify
<Q (O -0 )Q >J =0 0= Q;D + QQ_D QZOFQQ_ the state
L _
IA IB uk 1QAQB -
k=1 0 o j
Nontrivial solution means det=0 Sum of residues at u = 0,, + /2
i.e. at x eigenvalues as expected
uk—lQAQB
1<(}e]€t<L 0T0- X 0AB Scalar product in SoV
=JR= 0 %o j

[Kitanine, Maillet, Niccoli, ...]

Matches known results [Kazama, Komatsu, Nishimura, Serban, Jiang, ...]



SU(3) spin chain

For SU(3) we have 2 types of Bethe roots

L f . 4\'11 v . A\'t' : i . ‘/‘
H L e el Gior—o2) TTW — Yk Tl Y% — U — 1/2 momentum-carrying {’Ug} —1
=1 U~ O +_'/2 g B oy Uy j
1 i(P2—¢3) 1\_[ Vj — Uk + ¢ 1\—1 Vj — U — 1/2 " N,
—— C el S D! i . 1 GUXI Iqry {U -}
T — — > v
;‘.;&jl,/ Uk 1[ ll.} Uy + /2 J j=1
Ny .
fiﬁlu ‘ ‘ ar Ay (160N B
(2 (U, H,J) (213—6 H u EJ
j=1 -

Main new feature: should use Qi in addition to Q_i to get simple measure

Other Qs give dual roots Q! = Qa3, etc



Baxter equations: Ta(u) = “LX“(G) n Z 1 Toj1.
j=1
- 1 1
O0-—p?-_2_pty_L p___pt
Qg Qo Qo 6 Qo Wy
1 N 3 1
0 QQ QQ QGQQ Qg
o =0 ©00Qu=0 )y = fdup f
These two operators are conjugate!  (fOog); = (gO o f); [y = p2m(I—1)u

(QF (04 = 0P)Q*™"); =0



= 1 . T . hl 1
Qy Qs Qp QyQs Qg
<QE(OA — OB)Qa’A>j =0 We have freedom which Qs to choose

Linear system:

k a,A[— o]
A A

+ —
a={1,2}, k=1,...,L QG QQ J

We have 2L variables, and two choices of a give 2L equations



6 6

1 k—1 A N3+ 1

<\PB‘\I/A> X

Each bracket is a sum of residues at v =0, +i/2

_ 21 _
<@+1Q— uOI >~” <Q+1Qg uQ

[Gromov, FLM, Ryan, Volin 19]

L
NAéAB—ZMmyHQl Xi1) Q1 (X ,2) H Q% (YVie)Q%(Ye2) — Q5 (Ye2) Q% (Vi)

\

matches spectrum of B(u) !

Can we build the basis where these are the wavefunctions?



Operator realization for SU(3) [Gromoyv, FLM, Ryan, Volin 19]

N1 L (N_l B \ (N_l 8 . A Instead of integrals
(WplW,) = J (H Hd) [T\ (@ia) | M (x) [T (:.) |  we have sums
a=1 4=1 a=1 i=1 a=1 =1
\ sta?crc A / \ st',z:t; B ) (\DB|\I}A> = %MW(‘I/B@) (SC“PA>

Get scalar product from construction of two SoV bases |y> and <Q;"
[Sklyanin 92] [Gromov FLM Sizov 16]

<ZC‘ are eigenstates of familiar operator B(u) = TQB('EL.)[jrgl(if. — 1) — Tlg(-z.r,)[}*g?(u — 1)

|y) are eigenstates of new “dual” operator C(u) =T?3(u— $)Us'(u— 1) — T 5(u — £)Us?(u — 1)

]
]

Mgy .y = ( Y )_1 Measure matches what we got from Baxter!
'Y



To build SoV basis we act on reference state with transfer matrices

B(u) is diqgonqlized by [Maillet, Niccoli 18] [Ryan, Volin 18]

(x| x (0] H O —i/2)]" T2 0 <myy < mype <1

C(U) is diqgonqlized by [Ryan, Volin 18] [Gromov FLM, Ryan, Volin 19]

) X H 7/\'1((9].C — i/2)nk’2_nk’1 ’f‘g(@k o 7;/2)”"”1‘(» 0< Ne1 < Nkga < 1

k=1

Proof is direct generalization of

highly nontrivial methods from [Ryan, Volin 18] %

Based on commutation relations +

u+kh [

identifying Gelfand-Tsetlin patterns e

+ Ry(u,v),



Notice for SU(2) the overlaps matrix is diagonal

For SU(3) it is not, but the elements are still simple!

1 k A 1 k— AN2—
<Q+Q9 Q1 Q% >J <Q;Q;” QT Q5 >9'

(Vp|Wa) o 1 ‘ [Gromov, FLM, Ryan, Volin 19]
uF=10A03+ 1 k=17AN3—\ | ) ' ,
<Q9QG Qs >3 <Q;Q;“ @rn >«7

Alternative approach: [Maillet, Niccoli, Vignoli 20]
fix measure indirectly by deriving recursion relations for it



(W] %

Diagonal form factors of type

CPW)

From self-adjoint property:

0 =(Q(O0 +60) 0 (Q+5Q)) = (QO 0 3Q) + (RSO0 0 Q)

N J

Y =0
k
det -m.g_.)
-~y 1 i‘j J.L ‘}

So (fj."l_gf — ¢ . y
| 2sin¢ .df't i
i,j=1,....L
T~ norm

All this generalizes to SU(N)

%|\D> B oI, are computable, give ratios of
0p determinants.

L—1

T = 2coso ut + Z Iu”
k=0

Link §1,, with ¢



Algebraic picture

Generating functional for transfer matrices in antisymmetric reps

W = (1 - Ai(u)D?)(1 — As(w)D?)... (1 = Ax(w)D?) = 3 (=1)F 7, (u) DF
k=1

Define left and right action ﬁf(u) = f(u+1/2), fD = flu—1i/2)

Then QGW =0 and WQ“ =0

Using that for any operator fg@f = jgfﬁg we get f@f(WA — WB)Q% =0



Comment on chronoloqgy:

Such tricks with Baxters were used in [Cavaglia, Gromov, FLM 18] for cusp
Then in [Cavaglia, Gromov, FLM 19] for SL(N) spin chain

And then in [Gromoy, FLM, Ryan, Volin 19] for SU(N) spin chain
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. . . . . . . [Cavaglia, Gromov, FLM 19]
Infinite-dim highest weight representation of SL(N) on each site

oo

Now we have integrals instead of sums (f); = / du u; f " 1

T 1 1 e2n(u—0;)

— OO
O=Q,D° 71D ' +7D—-QsD"
O=Q D™ -7 D+ D-Q, D*
We would like (gO o f) = (fO o g)

Now when we shift the contour we cross poles of the measure

(900 f) = / w9 |Qp fH = maf ™+ muft — Qf fH| = (fOog) + pole contributions

Qi85 + 5T (85 + %) — Q1(8; + F)Qo(6; + 5) =0
Poles cancel when g = Q1! Then everything works as before



[Cavaglia, Gromoyv, FLM 19]

General structure in SL(N):

i VO )

N—-1 L N—1 L X N—1 L a
Walwsy = [ ( T[] dwi (TP @ia) | M) | TTTT@® (@ia)
a=1 =1 a=1 1=1 a=1 i1=1
\ stz:t; B )

state-independent operator, contains shifts

J

Fo
"x.){_-'l

similar to conjecture of [Smirnov Zeitlin]

371
M(x) —  Jdet h(l* 27 (& em)J

.I. '-':.:.'1: .j '-':':. L [ o

based on semi-classics
and quantization of alg curve




We also generalized to any spin s of the representation [Gromov FLM, Ryan, Volin to appear]

B B 1 I'(s—i(u—0,)'(s+i(u—06,))
<f>’n T ] du Hn f Hn = 1+ 627T(U—9n) :> o = e (u—0r)

For SL(2) we reproduce [Derkachov, Manashov, Korchemsky]

To build SoV basis we need more involved T’s in non-rectangular reps see [Ryan, Volin 20]

o
|z) o Tma,ma} (Qn + 15 + iml 5 Ml) 0)

Integral = sum over infinite set of poles in lower half-plane

-
X

The measure we get from Baxters again matches

the one from building the basis!
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Gamma-deformed N=4 SYM:

1 . . o
Lint = Ne 92 tr (Z{qb;r, qbﬂ»{qu, gbj} —;rgbl];qﬁz(j)]) Frolov Roiban Tseytlin 05

Y1, Y2, 73 are 3 deformation parameters, no susy but integrable

Still have integrability, e.g. for operator tr(¢1¢1) QSC gives £y preti 20

A = 2
+ 8isin % sin %gg feels mixing with double traces  Fokken, Sieg, Wilhelm 14
+ 0xg*

+ |48i((3) sin % sin% (cosy1 + cosya — 2) — 644 sin’ % sin’ f?] 96

3 Y1 3 Y2

10244 (3) sin 5 sin’ CuE 640i(5) sin % sin %(ms Y1 + cosya — 2)] q°

=051

Im A




Gamma-deformed N=4 SYM:

1 . . - | |
Lint = N¢ 92 tr (Z{¢I’ gbz}{ng, gb]} —Iqb;gbquj) Frolov Roiban Tseytlin 05

Y1, Y2, 73 are 3 deformation parameters, no susy but integrable

Consider the limit: strong twist, weak coupling g — O, e 1il2 00, § = gre_i"/j/2 — fixed,

Result known as fishnet theory  Gurdogan, Kazakov 15

N
L1, ¢2) = Str (06} 0up1 + 0" 6houeo + 262 ¢l dhoro) -

Feynman diagrams are “fishnet” graphs - . A A

A 4

Zamolodchikov 81
Inherits integrability and the QSC

4

Gromov, Kazakov,
Korchemsky, Negro, Sizov 17

\ 4

Dual model = ‘discretized string’ fishchain

Gromov, Sever 19
see also Basso, Zhong

Gromov, Kazakov, Korchemsky; Caetano, Gurdogan,
Kazakov; Ibsen, Staudacher, Zippelius;
Basso, Dixon; Derkachov, Olivucci, Preti, ...

(1=1,2,3.)



We twist the AdS space-’rime symme’rries Cavaglia, Grabner, Gromov, Sever 20

. Becomes quite similar to cusp
to remove degeneracies

We study operators Tr (qﬁ{’) For L=1 use same tricks with QSC Baxter equation

Tr(ZTXTZX)

For the simplest 3 pt function: (OO0L)

Oe2 A\ = (YIL]) _ |%Q‘1(u)_1(u)
T I 2isinsin fdun (@ (W) - (W)

L a / and a twist

We also found explicit map: diagrams <:> Q-functions cavaglia, Grabner, Gromov, FLM, Sever to appear

Extension to higher L in progress, Baxter is known Gromov, Sever 19



3-cusp correlator done so far with L=0 insertions [Cavaglia, Gromoy, FLM 18]
(same scalars as coupled to the line) or slight generalization [McGovern 20]

_ a3 -

veeo _ A1 B2 ) W:T&"Pexpfdt{iA-iJr(D-Mx'\]
: T\ 2

hf(QL}(QE}

Baxter equation was recently understood for higher L 5, oy, Julivs 20

Should help to do more general insertions + to appear]

The goal is to gather data from all these examples
to attack the full N=4 SYM



FUTURE

Finally we know SoV measure for higher-rank spin chains; encouraging results for fishnets

Extensions: super case [Gromoy, FLM 18], SO(N) [Ferrando, Frassek, Kazakov; Ekhamar, Shu, Volin 20],
principal series rep for fishnet, Slavnov scalar products

More general correlators for fishnet & cusps, corrections to fishnet
Links with hexagons & SoV of [Derkachov, Olivucci, Basso, Kazakov, Ferrando, Zhong]

QSC for g-func’rion TBAZ? [Jiang, Komatsu, Vescovi 19]
Applications for SU(N) PCF? [talk of Evgeny Sobko]






